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ABSTTZACT 



It is shown explicitly, that a number of solutions for the background field equations of 
the string effective action in space-time dimension D can be generated from any known lower 
dimensional solution, when background fields have only time dependence. An application of 
the result to the two dimensional charged black hole is presented. The case of background 
with more general coordinate dependence is also discussed. 
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Recently, there has been tremendous interest in the search for nontrivial classical solu- 
tions ^ of the background field equations of string theories. Solutions corresponding to black 
holes 2,3,4,5,6^ strings branes ^ and monopoles have been reported in the literature. 
An interesting aspect of these solutions is that, many of them can be shown to correspond 
to exact conformal field theory. For example, black hole in two space-time dimensions cor- 
respond to the coset SL{2,R)/U{1) in conformal field theory ^ and has recently been 
studied extensively by formulating it as a gauged Wess-Zumino-Witten (WZW) model. 
Two dimensional charged black hole ^'^ as well as three dimensional charged black string 
have also been formulated as gauged WZW models 

The low energy string effective action was studied recently from a different angle by 
Meissner and Veneziano ^^'^^^ They showed that the effective action in space-time dimension 
D — d-\-l is invariant under an 0((i, d) group of symmetry transformations when graviton, 
dilaton and second rank antisymmetric tensor B are the only nonvanishing background 
fields and depend only on time coordinate. Low energy string effective action, as well as 
the corresponding field equations have been written down in manifestly d) invariant 
form Therefore, given a solution of the background field equations, new solutions can 
be obtained by 0((i, d) transformations. Application of the 0((i, d) transformation in 
the context of two dimensional charged black hole was done by two of the present authors 
in Ref. 5. In Ref. 13, the idea of 0{d,d) invariance was generalized to the case when 
background fields have more than just time dependence. It was shown that, the string 
effective action has an 0{d, d) invariance if the background is independent of d number of 
coordinates. In Ref. 14 interesting applications of 0{d,d) transformations were presented 
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and in Ref. 15 the idea of 0{d, d) invariance was generalized to heterotic strings. 

In this paper, we study the field equations and effective action of Refs.ll and 13. First 
for only time dependent case of Ref. 11 , we show that, a number of solutions of the graviton, 
dilaton and second rank antisymmetric tensor background field equations, of the low energy 
string effective action, can be generated in space-time dimension from a given classical 
solution in any lower dimension. We apply these results to the two dimensional charged 
black holes We then discuss the case when background fields have more than just time 
dependence. The key to generate these solutions is a proper parametrization of the D- 
dimensional metric and antisymmetric tensor in terms of the lower dimensional ones. 

Our starting point is the genus zero low energy effective action for closed ( super ) 
strings in the limit when string tension a' — > 0. Restricting to the graviton, dilaton and 
antisymmetric tensor field, this action in 'D' space-time dimensions D = d + 1 is written 
as 

S = j d''x^/^MG e-^ [V - i?^^) - G"^"a^0a,0 - ^H^^pH'^^'P] (1) 

where is the dilaton field, G^i, is the D -dimensional metric and H^yp is the field strength 
for the antisymmetric tensor field S^j^: 

H^up = dp,B^p -\- cyclic. (2) 

V in Eq.(l) contains cosmological constant as well as the dilaton potential. For many 
examples of interest V is just a constant ^'i^. 

As in Refs. 11 and 12, we now investigate the solutions of the field equations of the 
action (1) when G and B are functions of time only. In this case, gauge symmetries of the 
action, Eq.(l), allow G and B to be always brought in the form 
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( 0^ g{t)) ' (o Bit))- 

where Q{t) and B{t) are d x d matrices. The action (1) for this case can be rewritten as 
11 

S = J dtVd^ e-'^ [V - 2do^{lnVd^) - {do{lnVd^)f + ^Tr{dog){dog-^) 

+{docl>f +\Trig-\doB)g-\doB))]. (4) 
By redefining the dilaton field : 



$ = - InVdetg, (5) 

one can write Eq.(4) as 

S = Jdte-^[V + ^''-^Tr{g-^gf + ^Tr{g-^Bf]. (6) 
Equations of motion for these fields are: 

(^)2 _ hrr[{g-^g){g-^g)] + ^Tr[{g-^B){g-^B)] -v = o, (7) 

{^r - 2$ + ^-Tr[{g-'g){g-'g)] - \Tr[{g-'B){g-'B)] -v + ^ = o (8) 

-^g + g -gg-^g -Bg-^B = o (9) 



and 



-m + B-Bg-^g -gg-^B = o, (lo) 



where Eqs.(8), (9) and (10) follow from the variations with respect to the fields and 
Bij of action (6). Equation (7), which is obtained directly from the variation of the action 
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(1), with respect to Gqq, is also called the "zero energy condition" It has also been 
pointed out in Ref. 11, that Eqs.(7)-(10) are the complete set of equations of motion for 
this set of fields. In Ref. 16, these equations were solved for arbitrary D when Q is diagonal 
and B is absent. For D = 2, the solution of Ref. 16 is identical to the uncharged black hole 
solution when roles of space and time are interchanged. In Ref. 5, two of us obtained a 
solution of Eqs. (7)-(10) in the presence of off-diagonal terms in the metric G and vanishing 
i3, for D = 3. There we showed that, this solution can be interpreted as two dimensional 
charged black hole solution upon compactification of one of the space dimensions and by 
interchanging the roles of space and time as in Ref. 16. 

Now we show that, a number of solutions of Eqs.(7)-(10) for dimensional metrices Q 
and B can be obtained from a given solution of similar equations for d (= d—p) -dimensional 
metrices G and B. To obtain solutions for Q and B from G and B, we parametrize the dxd 
matrices Q and B as. 



and '0 is nonsingular. Constant metric Q of the form in Eq.(ll) has been used previously 
for string compactifications For our case however, we note that, all elements of Q and B 
in Eqs. (11) have nontrivial time dependence. We now make a simplifying assumption that 
ip and b are constant matrices. From Eq.(ll) one obtains. 





(12) 



and 



detg = {detG) {detip). 



(13) 
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Since we have assumed that and b are constant matrices, we have from Eqs.(ll) and (12): 



5=1 G |G6- B is,- 

16G IbGb^ J \^bB ibBb^ 



ibG \bGb^ ) \\bB \bBb-^ 

and 

(6-) = («^;'' i)- (16) 

We now use equations (11)-(16) to simphfy the background field equations (7)-(10). Using 
(12) and (14) one can show that, 

Tr[{g-^g){g-^g)] = Tr[{G-^t){G-^t)] (17) 

and 

Tr[{g-^B){g-^B)\ = Tr[{G-^i3){G-^^)]. (18) 
Therefore, Eq.(7) can be rewritten as, 

($)2 _ lTr[{G-^b){G-^d)] + ^Tr[{G-^'B){G-^'B)] - 1/ = 0. (19) 

Similarly, Eq.(8) can be rewritten as 

m - 2$ + -Tr[{G-'G){G-'G)] - -Tr[{G-'B){G-^B)] - F + |^ = 0. (20) 

Also, using Eqs.(12), (14) and (15), Eq. (9) can be rewritten as a matrix equation: 

IbG IbGb^J y^bG IbGb^ 



= (21) 



GG-^G 1{G G-^G) b'^ \ _ f BG-^B 10 G'^B) b'^ 
\b{tG-^t) \b {t G-^ t) b'^ I \\b{^G-^h) \b0G-^^)b'^ 

Equation (21) gives rise to four matrix-equations. However, it is recognized that all of them 



are same and can be written as a single matrix equation: 

-^t + d - d G-^d - 13 G-'^h = 0. (22) 
Eq.(lO) can similarly be simplified to 

-^^ + B - B G-^G - g G-^B = 0. (23) 
We now use Eqs.(5) and (13) to write 



^ = ^ - In VdetG (24) 



where 



= (0 - In ^det ip). (25) 



Therefore we note that, by making a constant shift from </> — > , $ can also be thought 
of as the "redefined" dilaton in d-dimensions. Then we recognize that Eqs.(19), (20), (22) 
and (23) are in fact the background field equations in d-dimensions. Our Eqs.(ll) and 
(25) therefore provide a prescription for generating solution of the field equations for the 
(i- dimensional fields Q and B from the d-dimensional ones, i.e. G, B. 

As an application of our result, we now consider the case of two dimensional charged 
black hole. We start with d = 1 so that G, B are single functions and a solution for Eqs.(19), 
(20), (22) and (23) is given by 

G = g tanh^ t , B^O (26) 
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and 

^ = - In {cosh'^ t) + ci, (27) 

where g and ci are constants. Then, using Eq.(ll), one can generate {p + l)-dimensional 
solutions of the type, 

g ^ ( 9 tanh'^ t \higtanh'^t \ ^ ^ ^ .^g) 

I |6j g tan h? t ipij + \g hi bj tanh? t j ^ ' ^ ^ 

where {i,j = l, 2, ....p). Also from (25), 

(f) = - In {cos t) + C2, (29) 

where ci is a constant different from c\. For 6j = 0, i > 1 and h\ — h solution (28) for Q 

implies that metric G in Eq.(3) is of the form: 

/-I \ 

G = gtanh^ t \h g tan h'^ t . (30) 

V \hg tan h? t V'li + W' 9 * ^ 

Now, if third dimension is treated as a compact one, then G in Eq.(30) gives rise, in two 
space-time dimensions, to the metric G^iy, gauge field and Higgs field as ^ 

^M'^ = ( n A +^^f,2 + )> (31) 



A^ = {0 , bg tanh^ t) (32) 

and 

= -011 + ^"^9 tanh'^ t. (33) 

The solutions in Eqs.(31)-(33) can be interpreted as the two dimensional charged black 
hole solution ^'^ by changing the roles of space and time. In Ref. 5 it was also shown that 
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the solutions Eqs.(31)-(33), correspond to the coset of the type [SL{2, R) x U{1)]/U{1) in 
the conformal field theory, which is formulated as the gauged WZW model ^. In general, 



By comparing with the gauged WZW model, it can be shown that the solution of the type 
given in Eqs.(29), (31), (34) and (35) corresponds to the coset [SL{2,R) x [U{1)]p/U{1)] 
in conformal field theory. 

We now discuss the generalization of these results to the case when background has 
more general coordinate dependence, but is independent of at least one of them. Following 
the second paper of Ref. 13, we split the space- time coordinates in Eq.(l) into two sets 
y'^ and y°' {1 < m < d, 1 < a < D — d) and consider backgrounds independent of y'^. As 
in Ref. 13, we restrict to the backgrounds: Gma = 0, Bma = 0. Then background fields 
Gpjy, Spjy can be written in the form. 



for bi ^ 0, one has G^j^ as in Eq.(31) together with [C7(l)]^ gauged fields. 



Al^= [O , big tanh'^ t) , 



(34) 



and Higgs fields. 



i^ij = {ipij + -79 hi bj tanh^ t) . 



(35) 




(36) 



For this case, after an integration by parts, action (1) can be written as 



13. 



S = I d^y j ^-detg{y) e"* [V - dp^ - \G''^Tr{d^g 
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(37) 
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where ^ = (f) — In •>/ det Q (y) . We now do a similar substitution as in Eq.(ll), ie. 



C _ / G{y) \G{y) \ B{y) \B{y) \ 

^ ['^bGiy) i;+'^bG{y)b^)' ^ [^,b B{y) lbB{y)b^J' ^ ' 

where G{y) and B{y) are d x d matrices and tp, b are as defined earher but d is now such 

that, d = d — p. We now use Eq.(38) to rewrite the action (37) as, 



S = j d^y j yj-detg{y) e"* [V - g""^ dp^ - ^-g''^Tr{do,G dpG-^) 

-^g^^Tr{G-^daBG-'df3B) - - ItY^^^TY"^^] (39) 

We see that the action (37) has retained its form after the substitution (38) and there- 
fore Eqs. of motion will also preserve their form. Hence, using Eq.(38), new higher dimen- 
sional solutions g and B can be generated from the known lower dimensional ones, i.e. G 
and B as before. However, unlike the case of only time dependent background, this has 
been demonstrated for metric and antisymmetric tensor of the block diagonal form only, 

i.e. GfYiQi -^ma — 

To conclude, we have shown that a number of solutions (classified by constant param- 
eters bia and i^ij), of the background field equations can be obtained in higher dimension 
from a given solution in any lower dimension. It will be interesting to generalize the results 
to heterotic string 
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